The polymer segment distribution is shown to obey the Laplace equation for a suspension of small protein spheres and semidilute polymer. The depletion interaction is computed at all protein concentrations by introducing void distributions. Within a linear response Ansatz for the solution to the Laplace equation, the average depletion energy depends on two-and three-point void ͑-surface͒ correlation functions. It is concluded that depletion correlations of long range do not appear at high protein concentrations.
INTRODUCTION
The effective interaction among particles in a mixture is a subject in its own right. It has been known for a long time that the elimination of certain degrees of freedom gives rise to nontrivial potentials of mean force 1 that are nonpairwiseadditive. In the past, little analytical work appears to have been carried out to comprehend the statistical mechanics of this type of interaction.
2 One approach due to Fixman is to expand the potential of mean force in terms of density fluctuations around the actual average density instead of around density zero. 3 This ruse could well be exploited in problems involving mixtures if the fluctuations are small enough in some sense. More recently there have been efforts to address the interactions in mixtures of colloids and polymers. [4] [5] [6] [7] [8] [9] [10] These systems have the theoretical advantage of being strongly asymmetric, at least potentially.
Here, our purpose is to discuss one type of systemprotein-polymer mixtures-where formal headway with respect to nonpairwise-additive interactions can be made without undue mathematical complications. Globular proteins are often substantially smaller than the typical correlation length of the surrounding polymeric medium which results in an essential simplification of the statistical mechanics. De Gennes 11 and, recently, the author 12 noted that various physical quantities may be readily understood for a single small sphere immersed in a semidilute polymer solution, in terms of straightforward though nontrivial scaling relations. One ingredient is the basic validity of the Laplace equation 12 for the distribution of the polymer segments. This notion will be extended here for spheres at all concentrations up to close packing. Accordingly, the protein-polymer problem in this limit is quite similar to the mathematics of diffusion in a random array of spheres, an analogy that will be exploited here.
Within a rough zero-order approximation, globular proteins may often be viewed as inert small impenetrable spheres. This approximation obviously has its drawbacks for it is known that proteins at their isoelectric point exhibit weak attractive forces in aqueous solution. [13] [14] [15] [16] [17] The scope of this paper is restricted to an analysis of many-body polymerprotein interactions accounting for the nonuniformity of the segment distribution of the flexible polymers. The consideration of phase separation is left to future work. This paper differs from previous theoretical work 4-10 for a method is developed to deal with the statistical mechanics of a mixture at all levels of the many-body correlations. First, it is shown that the polymer distribution satisfies a Laplace equation to a high degree of accuracy. Hence, a simple free energy functional involves merely a gradient of the polymer density. The depletion of the polymer at the protein surfaces may be related to a suitable void probe function via a response function, at least in an attempt correct to the linear order. Thus, ultimately, minimization of the average energy functional should yield the response in terms of void correlations. The averaging of both polymer and sphere configurations is effected at the same time and this is an essential advantage of the current theory. Our purpose is to compute the depletion interaction as a function of the protein volume fraction almost up to close packing.
VALIDITY OF THE LAPLACE EQUATION
In a semidilute solution of long flexible polymers, the statistical properties of the system are independent of the polymer contour length. Hence, the segment density is a relevant variable. But fluctuations are of crucial importance in the semidilute limit. 18 Accordingly, the partition function of a mixture of n hard spheres of radius a and entangled polymer chains at semidilute concentrations, may be schematically represented by
͑1͒
with U tot ϭU h ͑ r 1 ,r 2 , . . . ,r n ͒ϩU d ͑r 1 , . . . ,r n ,c͑r͒͒
Here, k B , is Boltzmann's constant and T is the temperature. Both the hard-sphere and depletion interactions, U h and U d , depend on the protein centers of mass denoted by r 1 , r 2 , . . . ,r n . Furthermore, the interaction U d among the protein particles is also a functional of the concentration c͑r͒ of polymer segments. Formally, we also expect a term U p arising from the interaction between polymer segments that are outside some convoluted depletion zone centered on ͕r 1 , . . . ,r n ͖. I suppose the flexible polymer is well soluble in the solvent ͑water͒. The dependence of the protein-polymer interaction on the quality of the solvent is subtle 12 but is neglected here. The general form Eq. ͑1͒ exhibiting a concentration measure D͓c͑r͔͒, is shown explicitly here in order to stress two potential hurdles in the resolution of the manybody problem: ͑a͒ the fluctuations in the segment concentration; ͑b͒ elimination of the polymer degrees of freedom will lead to an interaction which could be strongly nonpairwiseadditive at high protein concentrations. Fortunately, the first problem is greatly simplified in the limit of small spheres, as I now show.
First, we momentarily forget about segment fluctuations and simplify Eq. ͑1͒ in a self-consistent field approximation. Then, U p is simply a constant and U d is known explicitly. 19 At a fixed configuration of proteins, U d in the integrand of Eq. ͑1͒ has a minimum when c͑r͒ equals c m ͑r͒ϵc 0 2 ͑r͒ given by
͑3͒
The Laplacian is denoted by ⌬; all coordinates are conveniently scaled by a: r 1 ϵr/a. The average segment concentration is c 0 ; in solution there will exist voids completely free from proteins, with a uniform polymer concentration c v c 0 since the volume fraction v of protein spheres is nonzero. Equation ͑3͒ is simply the usual self-consistent field equation 19 for ϭ͑r 1 ,r 1 1 , . . . ,r n 1 ͒, with a correlation length ϭ(c v ). Joanny et al. 19 have discussed the eigenvalue equation ͑3͒ in some detail and have analyzed the resulting depletion near a planar wall. The dimensionless function g has the form Ϫ m with mϾ1. The boundary conditions on are ͑a͒ ϭ0 at the surface of the spheres; ͑b͒ →(c v /c 0 )
1/2 at some point within a void far removed from all the spheres. Now let the correlation length (c v ) be much greater than a. Then, Eq. ͑3͒ reduces to the Laplace equation correct to the second order in the small parameter a/
⌬Ӎ0. ͑4͒
However, this ''derivation'' of Eq. ͑4͒ is a bit deceptive for a relevant scale of depletion is implicitly assumed to be a. For instance, for a very long rodlike array of aligned spheres, the solution to Eq. ͑4͒ is not a uniformly valid approximation to the one given by Eq. ͑3͒. Another exception is a large compact cluster of spheres of size much greater than : Depletion beyond the cluster is now poorly described by Eq. ͑4͒. On the whole, the validity of the Laplace equation must be based on the occurrence of purported clusters whose maximum span is, in the main, smaller than . Equation ͑4͒ can only apply in a statistical sense.
Essentially the same equations ͑3͒ and ͑4͒ may be written down if one were to use a hybrid theory combining scaling and self-consistent arguments. 20 In that case, the function g has a different exponent ͑with again mϾ1͒ but its overall shape remains the same and the correlation length is
, where A is the Kuhn segment length of the polymer. Accordingly, provided Ӷ, we again conclude that depletion occurs on scales less than the polymer correlation length and its range does not depend on the strength of the interaction between the segments.
We are finally in a position to argue for the essential validity of Eq. ͑4͒ even when segment fluctuations are properly taken into account. In the mean-field and hybrid pictures, Eq. ͑4͒ is legitimate provided the correlation length is sufficiently large. It is well known that the Laplacian operator results from the square gradient term in the polymer free energy which denotes the ideal entropy of the chains. 19 In other words, this entropy predominates in depletion when ӷa and segment interactions in some average sense play an insignificant role. But, then, strong fluctuations in these interactions may well modify them into renormalized terms, yet will certainly not enhance them to a level competing with the ideal entropy ͑recall that the interactions are scaled by a very small coefficient a 2 / 2 ͒. Accordingly, segment fluctuations are unimportant in determining the polymer distribution in the convoluted depletion volume surrounding an array of protein spheres. Within the depletion zone, the segment density obeys Eq. ͑4͒. In voids far removed from the spheres, however, segment fluctuations are as important as usual so that a self-consistent field picture will break down there. Hence, we have to use, say, a scaling analysis in order to derive the depletion interaction which is addressed next.
DEPLETION INTERACTION
It is now argued that the depletion energy has the following form:
͑a͒ U d is a function of a, r 1 , . . . ,r n and c͑r͒ϭc 0 2 ͑r͒ only; ͑b͒ it must be proportional to the number of segments depleted from a convoluted volume surrounding the spheres; this number, in turn is proportional to c 0 or 0 
͑6͒
where N is the number of segments in the suspension, p,0 is the chemical potential of a segment in a protein-free solution of concentration equal to that in the protein-free voids, and ͗ ͘ c signifies a canonical average. But the osmotic pressure of a semidilute polymer suspension free from protein and of concentration c 0 is simply
Hence, we have a relation between the chemical potential and the osmotic pressure, which may be of experimental relevance
The depletion attraction is of intermediate range but is comparatively weak for aӶ. One expects the local correlations between spheres to be dominated by their harsh repulsive interactions. Accordingly, the hard-sphere interaction U h may serve as a reference state ͑index h͒. Perturbation theory 21 gives for the free energy of the spheres
͑9͒
I next investigate the nature of the average depletion energy
NONPAIRWISE-ADDITIVE CORRELATIONS
Equations ͑1͒, ͑4͒, ͑5͒, and ͑9͒ may, of course, be addressed by standard perturbation theories 21 at low volume fractions v of protein ͑vϵ4na 3 /3V; Vϭtotal volume of the system͒. Interactions beyond the pair level may be dealt with by expansions about a nonzero concentration 3 but I would like to propose a formalism valid, in principle, for all v. We have two difficult problems to solve: Eq. ͑4͒ and Eq. ͑9͒. It would be expedient were we to replace these by one. We first note that the statistical mechanics of the protein-polymer system at hand is a problem in statistical geometry: 22 We may view the array of protein spheres as a porous medium with an associated diffusion statement given by Eq. ͑4͒. A mixture of large colloids and polymers has also been treated within a porous medium analogy recently. 9 We might try a numerical analysis of the field ͑r͒ in terms of multipole expansions 23 and then perform the statistical averaging ͓Eq. ͑9͔͒. However, powerful analytic work may proceed in the spirit of classic analyses in the past by Prager 24, 25 and Doi. 26 It is the polymer distribution in the space V between the protein spheres that we wish to know; the field ͑r͒ is then logically regarded as a functional of the void probe function 27 v ͑r͒ v ͑r͒ϭ1 r within V , v ͑ r͒ϭ0, r within the complement V ͑ VϭV ϩV ͒.
͑10͒
Thus the sphere-sphere correlations themselves are not so interesting but rather the void correlation functions which have been studied at length. 22 A plausible Ansatz introduced below, is that ͑r͒ responds linearly to v ͑r͒. In effect, Eq. ͑4͒ is linear in ͑r͒ and v ͑r͒ if the boundary condition on the surfaces of the spheres were to be formally incorporated as source terms. In the end, the theory boils down to computing a response function in only one step, which is carried out via a suitable variational principle.
Void correlations
Before formulating a minimum principle, we first introduce convenient approximate expressions for the void correlation functions. The surface probe function s ͑r͒ϵ͉" v ͑r͉͒ is a delta function defined on the surface S of the void. We further define void-void and surface-void correlation functions which reflect the translational invariance of the system. 28 Doi 26 has computed F sv for a certain random model of imbedded spheres which is a popular theoretical artifice for a porous medium
It so happens that Eq. ͑14͒, but with F vv given by Eq. ͑13͒, is a fairly good approximation to the surface-void correlation deduced by computer simulations on impenetrable spheres. 29 The limits at short and long distances can be inferred from the definition ͓Eq. ͑12͔͒. The average of s is easily calculated because the delta function " v ͑r͒ is defined on the surfaces of the spheres
Linear response Ansatz
Next, I propose a linear response Ansatz 24,26 as argued above for the function ͑r͒ which is supposed to approximate the solution to the Laplace equation ͑4͒ ͑r͒ϭEϩ ͵ drЈ K͑rϪrЈ͒͑ v ͑ rЈ͒Ϫw ͒.
͑16͒
This is a continuous function defined throughout the volume V and nonzero within the spheres. The kernel K whose form must reflect the translational invariance of the porous medium after averaging, is to be determined variationally. At very low volume fractions, we expect Kϳ͉rϪrЈ͉ Ϫ1 from the solution 12 to Eq. ͑4͒. Hence, the porosity w has been subtracted from v ͑r͒ to avoid a potential divergence. Thus the constant E tends to unity 12 in the limit of vanishing volume fraction. Fortunately, it turns out that the form Eq. ͑16͒ leads to a renormalizable theory for impenetrable spheres. I have also investigated s ͑r͒ as a possible source term but, in that case, formal difficulties appear in the limit v→0 which do not seem resolvable.
Depletion implies that ͑r͒ must be identical to zero on S. This is evidently difficult to take into account exactly, so we replace this constraint by a global condition which is less stringent
A second condition connecting E and K stems from the invariance of the total number of polymer segments in the suspension. On averaging this requirement and taking due care to delete the fictive contribution within the spheres, we have 
͑19͒
and a three-point correlation function
Note that Eϭ1 in the limit vϭ0 as it should. Despite extensive computations 30, 31 it is not so easy to find a useful uniform approximation to G 3 valid at all volume fractions. One interesting choice has been discussed by Weissburg and Prager
where a and b are the two smallest vectors out of the set ͑u,t,uϪt͒. At the very least, Eq. ͑21͒ has the following merits: It is accurate whenever ͑i͒ all three points are well separated (G 3 ϭw 3 ); ͑ii͒ rЉ→ϱ at fixed r and rЈ͑G 3 ϭwF vv ͑rϪrЈ͒͒; ͑iii͒ rϭrЈ͑G 3 ϭF vv ͑rϪrЉ͒͒; ͑iv͒ rϭrЈϭrЉ(G 3 ϭw). Moreover, it can be readily shown that H͑u,t͒у0 uniformly, so realistic solutions for E and K are guaranteed. Equation ͑21͒ tends to overestimate G 3 in various regimes, 30 which causes problems as will be seen below. Still, Eq. ͑21͒ is useful in assessing the qualitative nature of the depletion energy as a function of the protein volume fraction.
The constant E is now eliminated to yield a condition on the function K. Equations ͑17͒-͑21͒ reduce to The variational parameter ␤ is expected to vanish as the volume fraction v of spheres tends to zero; on the other hand, a finite range a␤ Ϫ1 with ␤ϭO ͑1͒ is reasonable as the protein spheres cluster together. If we use Eqs. ͑13͒ and ͑14͒, the integral I 2 has the approximate form
Unfortunately, it is now evident from the behavior of the integrand that it contributes substantially to I 2 in a regime where the approximation Eq. ͑21͒ is no longer accurate. 30 This is explicitly borne out by evaluating the dilute limit vӶ1: this should yield uϭ3v whereas Eqs. ͑28͒-͑30͒ markedly overestimate the numerical coefficient. A better computation of G 3 at all volume fractions will have to be awaited. Meanwhile, it is possible to understand the qualitative behavior of the depletion energy. Arguably, the dependence of G 3 on the volume fraction should be fairly well described by Eq. ͑21͒: G 3 is accurate at several extreme positions. Ac-cordingly, the use of a G 3 similar to Eq. ͑21͒ but rescaled to yield the correct numerical coefficient at low protein concentrations, leads to the following estimates:
with a coefficient close to unity, and ␣ 1 Ӎ␣ 2 and 1Ϫ␣ 1 Ӷ1. 
CONCLUDING REMARKS
A general conclusion of this work is that polymerparticle interactions may be markedly mediated by correlations beyond the pair level in qualitative agreement with numerical computations in other regimes. 8 However, our analysis for small proteins seems to preclude very strong correlations of long range. I have given a treatment at the level of three-point void correlations. A precise computation of these will be needed to gain quantitative understanding of protein-polymer mixtures at all concentrations. It is recalled that in the phase separation of isotropic phases, the protein volume fraction may be quite high. 32 The present theory accounts for protein-protein correlations up to quite high volume fractions of protein. The effect of segment fluctuations has been proved to be weak for comparatively small protein spheres. Depletion forces arising from the interaction among several proteins and the surrounding sea of polymer segments have been dealt with to a significant degree of correlation. Indeed, the formalism is not at all mean field in the usual sense for delicate three-point correlations have been taken into account. Preaveraging of the depletion constraint as expressed by Eq. ͑17͒ is arguably the weakest link in our argumentation.
Note added in proof. The concentration c 0 of polymer segments refers to the space accessible to the polymer; hence, we have c 0 ϵN/V(1Ϫv). The average depletion energy per protein is ͗U d ͘ h /nϭ4(a/ 0 ) 4/3 (u/v)k B T and may sometimes exceed k B T; unfortunately, we do not know the precise theoretical value of the numerical prefactor. The depletion energy is quite sensitive to polymer-protein interactions ͓see T. Odijk, Langmuir ͑submitted͔͒.
